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Abstract

Some implications and consequences of the expansion of the universe are exami-
ned. In Chapter 1 it is shown that this expansion creates grave difficulties for the
Hoyle-Narlikar theory of gravitation.

Chapter 2 deals with perturbations of an expanding homogeneous and isotropic
universe. The conclusion is reached that galaxies cannot be formed as a result of the
growth of perturbations that were initially small. The propagation and absorption
of gravitational radiation is also investigated in this approximation.

In Chapter 3 gravitational radiation in an expanding universe is examined by a
method of asymptotic expansions. The ‘peeling—off” behaviour and the asymptotic
group are derived.

Chapter 4 deals with the occurrence of singularities in cosmological models. It is
shown that a singularity is inevitable provided that certain very general conditions

are satisfied.



Introduction

The idea that the universe is expanding is of recent origin. All the early cosmolo-
gies were essentially stationary and even Einstein, whose theory of relativity is the
basis for almost all modern developments in cosmology, found it natural to suggest
a static model of the universe.

However, there is a very grave difficulty associated with a static model such as
Einstein’s, which is supposed to have existed for an infinite time. For, if the stars
had been radiating energy at their present rates for an infinite time, they would
have needed an infinite supply of energy. Further, the flux of radiation now would
be infinite.

Alternatively, if they had only a limited supply of energy, the whole universe
would by now have reached thermal equilibrium, which is certainly not the case. This
difficulty was noticed by Olbers, who however was not able to suggest any solution.
The discovery of the recession of the nebulae by Hubble led to the abandonment of
static models in favour of ones which were expanding.

Clearly there are several possibilities: the universe may have expanded from a
highly dense state a finite time ago (the so-called “big bang” model); another is
that the present expansion may have been preceded by a contraction which, in Its
turn may have been preceded by another expansion (the “bouncing” or oscillating
model); however, this model suffers from the same difficulties over entropy as the
static model. Finally, it is possible that the expansion may have been proceeding at
much the same rate for an infinite time. It is then necessary to postulate some form
of continual creation of matter in order to prevent the expansion from reducing the
density to zero. This leads to the “steady-state” model which, although expanding,
presents the same appearance at all times.

The early cosmologies naturally placed man at or near the centre of the universe,
but since the time of Copernicus we have been demoted to a medium-sized planet
going round a medium-sized star somewhere near the edge of a fairly average galaxy.
We are now so humble that we would not claim to occupy any special position.
However, observations seem to indicate that, within experimental error (which is

fairly high), galaxies have a spatially isotropic distribution around us. As we are



not claiming any special position, the distribution must be isotropic about every
point. This implies that the distribution must be spatially homogeneous as well as
isotropic. Of course, this homogeneity and isotropy hold only on a large scale; locally
there are considerable departures from both.

Robertson and Walker have shown that the metric of a model that is spatially

homogeneous and isotropic may be written in the form:

dr?

— K12

ds* = dt* — R*(t) + 7% (df® + sin® 0 d¢®) | k=0,%1

This form will be used extensively in the following chapters. In Chapter 1 it will be
shown that the Hoyle-Narlikar theory of gravitation is incompatible with a metric of
this form. In Chapter 2 perturbations of this form will be considered in a linearized
approximation and, in Chapter 3, gravitational radiation will be considered in a
model which tends asymptotically to this form.

Certain of the Robertson—Walker models possess “horizons”. There are two types:
particle horizons and event horizons. A particle horizon is said to exist when an
observer’s past light cone does not intersect the world line of every particle in the
universe (or extended world line in the case of a particle which has been created).
An example of a model with a particle horizon is the Einstein—de Sitter model which

has

[SN 1] )

Kk =0, R=t

This is a “big-bang” model as indeed are all the Robertson-Walker models that

satisfy the Einstein equations:

Rab - %gabR = Tab

...and contain matter whose pressure is greater than minus one—third the density.
An event horizon exists when there are events that a given observer will never see.
The steady—state model (/<; =0, R= et) is an example of one with an event horizon.
Horizons will be further discussed in Chapter 4 which also deals with the occurrence

of singularities of space—time and their connection with topology.

Each chapter is self-contained and has its own references. The following notation
is used throughout: space-time is taken to be a Riemannian manifold with metric
tensor g;;. This is taken to have signature —2 except in Chapter 2 where, in order to
facilitate comparison with previous work, the signature is +2. Covariant differentia-
tion is indicated by a semi-colon. Units are employed in which ¢, the speed of light,

and k, the gravitational constant, equal one.
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Chapter 1
The Hoyle—Narlikar Theory of

Gravitation

1. Introduction

The success of Maxwell’s equations has led to electrodynamics being normally for-
mulated in terms of fields that have degrees of freedom independent of the particles
in them. However, Gauss suggested that an action—at—a—distance theory in which
the action travelled at a finite velocity might be possible. This idea was developed by
Wheeler and Feynman |2, 3| who derived their theory from an action principle that
involved only direct interactions between pairs of particles. A feature of this theory
was that the ‘pseudo’fields introduced are the half-retarded plus half-advanced
fields calculated from the world—lines of the particles.

However, Wheeler and Feynman, and, in a different way, Hogarth (3), were able
to show that, provided certain cosmological conditions were satisfied, these fields
could combine to give the observed field. Hoyle and Narlikar [4| extended the theory
to general space-times and obtained similar theories for their ‘C’-field [5] and for
the gravitational field [6]. It is with these theories that this chapter is concerned.

It will be shown that in an expanding universe the advanced fields are infinite,
and the retarded fields finite. This is because, unlike electric charges, all masses have

the same sign.

The Boundary Condition

Hoyle and Narlikar derive their theory from the action:

A= ZZ//G(a,b)dadb,

a#b



where the integration is over the world-lines of particles a, b... In this expression G

is a Green function that satisfies the wave equation:

oz, ")
=n

where S is the determinant of g;;. Since the double sum in the action A is symme-

G(z,2)5 97 + $RG(z,2') =

trical between all pailrs of particles a, b, only that part of G(a,b) that is symmetrical

between a and b will contribute to the action i.e. the action can be written

A= ZZ//G*abdadb

a#b
where  G*(a,b) = 1G(a,b) + 1G(b, a).

Thus G* must be the time-symmetric Green function, and can be written:

* 1 1
G" = 5Gret + 5Gaav where G

and G,q, are the retarded and advanced Green functions. By requiring that the
action be stationary under variations of g;;, Hoyle and Narlikar obtain the field-

equations:

(Rix — 394 R)

[Z Z %m(a) (z) m® (z)

a#b

Tt 3 4 aan®, = 8] 2 ) — e
a#b

where  m(z) = [ G*(z,a)da.

However, as a consequence of the particular choice of Green function, the contrac-
tion of the field—equations is satisfied identically. There are thus only 9 equations

for the 10 components of g;; and the system is indeterminate.

Hoyle and Narlikar therefore impose Y m(® = mgy = const., as the tenth equation.

By then making the ‘smooth—fluid’ approximation, that is by putting

S m@m® & m,

a#b
they obtain the Einstein field-equations:

mé (Rz'k - %Rgik) = —4Lik.

1
6



There is an important difference, however, between these field—equations in the
direct—particle interaction theory and in the usual general theory of relativity. In
the general theory of relativity, any metric that satisfies the the field—equations is
admissible, but in the direct—particle interaction theory only those solutions of the

field—equations are admissible that satisfy the additional requirement:

mo(z) = Zm(“)(aj) = Z/G*(z,a) da = %Z/Gret(az,a) da+3 Z/Gadv(aj,a) da

This requirement is highly restrictive; it will be shown that it is not satisfied for
the cosmological solutions of the Einstein field—equations, and it appears that it
cannot be satisfied for any models of the universe that either contain an infinite

amount of matter or undergo infinite expansion.

The difficulty is similar to that occurring in Newtonian theory when it is recog-
nized that the universe might be infinite.

The Newtonian potential ¢ obeys the equation:

O¢=—rp  (p>0),

where p is the density. In an infinite static universe, ¢ would be infinite, since the
source always has the same sign. The difficulty was resolved when it was realized that
the universe was expanding, since in an expanding universe the retarded solution
of the above equation is finite by a sort of ‘red-shift’ effect. The advanced solution
will be infinite by a ‘blue—shift’ effect. This is unimportant in Newtonian theory,
since one is free to choose the solution of the equation and so may ignore the infinite

advanced solution and take simply the finite retarded solution.

Similarly in the direct—particle interaction theory the m field satisfies the equation:

Om—3iRm=N (N >0),

where N is the density of world-lines of particles. As in the Newtonian case, one
may expect that the effect of the expansion of the universe will be to make the
retarded solution finite and the advanced solution infinite. However, one is now not
free to choose the finite retarded solution, for the equation is derived from a direct—
particle interaction action—principle symmetric between pairs of particles, and one
must choose for m half the sum of the retarded and advanced solutions. We would

expect this to be infinite, and this is shown to be so in the next section.



The Cosmological Solutions

The Robertson-Walker cosmological metrics have the form

dr?

ds® = dt* — R%(t
5 F(t) 1 — Kkr?

+ 72 (d92 +sin% 6 d¢2) :
Since they are conformally flat, one can choose coordinates in which they become
ds* = Q*[dr* — dp® — p*(d6? + sin® 0 dp*)| = Ve dzda?,

where 7, is the flat—space metric tensor and
R(t)

Q=Q(r,p) = .
VIt + (4 p)[ + da(r — p)?

For example, for the Einstein—de Sitter universe

k=0, R(t)=(%)"", (0<t<o),

QO=R-(2)", (0<7<o0),
p:7_2/3€1/3.

For the steady-state (de Sitter) universe

The Green function G*(a, b) obeys the equation

5*(a, b)
V=9

0G*(a,b) — §RG*(a,b) =

From this it follows that

1 8 2 _ab 8 * _ 1 a ab a O3 54
Q2 Oz (Q 1 abe ) C 02020 <77 &'vbs) =7 0ab).




If we let G* = Q1S then

0 0
QQ% (ﬁab@S) = 54(0,, b)

This is simply the flat—space Green function equation, and hence

G (11, 0s 2, ) = % (60— (ta = 1)) + 60 + (ta = 1))

The m-field is given by

m(t,z) = /G*N\/—_gdx = L (Myer + Maav)-
For universes without creation (e.g. the Einstein—de Sitter universe),
N = R®n, n = const.
For Universes with creation (steady state) N'=n, n = const.

QS
Madv(Tl) = 91(7'1)/"/\%47”“2 dTg,

where the integration is over the future light cone. This will normally be infinite

in an expanding universe, e.g. in the Einstein—de Sitter universe:

Mgy (1) = (%>_2 /Oon (2)? dr, = 0.

T1

In the steady—state universe
N\ 0 3
Madv(Tl> = (:_—1) / n <;—2> (TQ — 7'1) d’TQ = Q.
T1

By contrast, on the other hand, we have

N QP

wr

Mt (1) = Q_l(ﬁ) Ar? dr,

where the integration is over the past light cone. This will Normally be finite, e.g.

in the Finstein—de Sitter universe

T1

Mier _<_>_2 0 (2) (e — ) dry = T
ret Tl)— T . n(T) (TQ T1) Ty = 5Nl .



While in the steady—state universe

-1 1 3
Mret(Tl> - (;_;F) / n (;-Z) (7'2 — 7'1) dTQ = %HTQ

—0o0

Thus it can be seen that the solution m = const. of the equation
Om+ ;Rm =N

is not, in a cosmological metric, the half-advanced plus half-retarded solution since
this would be infinite. In fact, in the case of the Einstein—de Sitter and steady-state

metrics, it is the pure retarded solution.

The ‘C'-Field

Hoyle and Narlikar derive their direct—particle interaction theory of the ‘C’—field

A= Z// G(a,b) iq ky da*db*.

a#b

from the action

where the suffixes a, b refer to differentiation of G(a, b) on the world-lines of a,b

respectively. G is a Green function obeying the equation

0G(z,2') = i %/) :

We define the ‘C’field by

C(z) = Z Gz, a) i, dd’,

and the matter—current J* by

JE(y) = Z/é‘*@,b) db”.

Then
O(a) = / G, y) J*(y) v/ =g e,

so that
Oc = J...

We thus see that the sources of the ‘C’field are the places where matter is created

or destroyed.

10



As in the case of the m—field, the Green function must be time-symmetric, that
is
G(a,b) = L Grela,b) + 1 Gaav(a, D)
Hoyle and Narlikar claim that if the action of the ‘C’-field is included along with
the action of the ‘m’-field, a universe will be obtained that approximates to the
steady—state universe on a large scale although there may be local irregularities. In
this universe, the value of C' will be finite and its gradient time-like and of unit

magnitude.

Given this universe, we may check it for consistency by calculating the advanced
and retarded ‘C’fields and finding if their sum is finite. We shall not do this directly
but will show that the advanced field is infinite while the retarded field is finite.

Consider a region in space—time bounded by a three—dimensional space-like hy-
persurface D at the present time, and the past light cone ¥ of some point P to the
future of D.

By Gauss’s theorem

/DC’\/_—gda:“:/ @dS:/J“;K\/_—gdaf‘.
\%

s+p On

Let the advanced field produced by sources within V' be C’. Then C’ and %—i/ will

be zero on Y, and hence

oc’
on ds.

/ " V_gdl‘4 =
%4

But J*., is the rate of creation of matter = n (const.) in the steady—state universe,

/80 dS =nV.
Dan

As the point P is taken further into the future, the volume of the region V' tends

and hence

to infinity. However, the area of the hypersurface D tends to a finite limit owing to
horizon effects. Therefore the gradient %—i/ must be infinite. A similar calculation
shows the gradient of the retarded field to be finite. Their sums cannot therefore

give the field of unit gradient required by the Hoyle—Narlikar theory.

It is worth noting that this result was obtained without assumptions of a smooth

distribution of matter or of conformal flatness.

11



Conclusion

It is one of the weaknesses of the Einstein theory of relativity that although it
furnishes field equations it does not provide boundary conditions for them. Thus it
does not give a unique model for the universe but allows a whole series of models.
Clearly a theory that provided boundary conditions and thus restricted the possible
solutions would be very attractive. The Hoyle-Narlikar theory does just that (the
requirement that m = %mret + %madv is equivalent to a boundary condition). Unfor-
tunately, as we have seen above, this condition excludes those models that seem to

correspond to the actual universe, namely the Robertson—-Walker models.

The calculations given above have considered the universe as being filled with
a uniform distribution of matter. This is legitimate if we are able to make the
‘smooth—fluid” approximation to obtain the Einstein equations. Alternatively, if this
approximation is invalid, it cannot be said that the theory yields the Einstein equa-

tions.

It might possibly be that local irregularities could make m,gq, finite, but this has
certainly not been demonstrated and seems unlikely in view of the fact that, in the
Hoyle-Narlikar direct—particle interaction theory of their ‘C’field,

which is derived from a very similar action—principle, it can be shown without
assuming a smooth distribution that the advanced ‘C’ field will be infinite in an

expanding universe with creation.

The reason that it is possible to formulate a direct—particle interaction theory
of electrodynamics that does not encounter this difficulty of having the advanced
solution infinite is that in electrodynamics there are equal numbers of sources of
positive and negative sign. Their fields can cancel each other out and the total field
can be zero apart from local irregularities. This suggests that a possible way to save
the Hoyle-Narlikar theory would be to allow masses of both positive and negative

sign. The action would be

A=Y [[ G labydadn (gua =20,
a#b

where qq, g, are gravitational charges analogous to electric charges. Particles of po-
sitive ¢ in a positive ‘m’—field and particles of negative ¢ in a negative ‘m’—field
would have the normal gravitational properties, that is, they would have positive
gravitational and inertial masses.

A particle of negative ¢ in a positive ‘m’—field would still follow a geodesic. The-

refore it would be attracted by a particle of positive q. Its own gravitational effect

12



however would be to repel all other particles. Thus it would have the properties of
the negative mass described by Bondi (8), that is, negative gravitational mass and

negative inertial mass.

Since there does not seem to be any matter having these properties in our region of
space (where m = const. > 0) there must clearly be separation on a very large scale.
It would not be possible to identify particles of negative ¢ with antimatter, since it
is known that antimatter has positive inertial mass. However, the introduction of

negative masses would probably raise more difficulties than it would solve.
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Chapter 2

Perturbations

Introduction

Perturbations of a spatially isotropic and homogeneous expanding universe have
been investigated in a Newtonian approximation by Bonnor [?] and relativistically
by Lifshitz |?], Lifshitz and Khalatnikov [?], and Irvine [?]. Their method was to
consider small variations of the metric tensor. This has the disadvantage that the me-
tric tensor is not a physically significant quantity, since one cannot directly measure
it, but only its second derivatives. It is thus not obvious what the physical inter-
pretation of a given perturbation of the metric is. Indeed it need have no physical
significance at all, but merely correspond to a coordinate transformation. Instead
it seems preferable to deal in terms of perturbations of the physically significant

quantity, the curvature.

Notation

Space-time is represented as a four-dimensional Riemannian space with metric
tensor g, of signature 2. Covariant differentiation in this space is indicated by a
semi—colon. Square brackets around indices indicate antisymmetrisation and round

brackets symmetrisation. The conventions for the Riemann and Ricci tensors are:
Va;[bc] =2RPq Vpa

Rab - Rpapb~

Nabea 18 the alternating tensor.

Units are such that k, the gravitational constant, and ¢, the speed of light, are

one

14



The Field Equations

We assume the Einstein equations:
Rab - %gabR = —Lab

where Ty, is the energy—momentum tensor of matter. We will assume that the matter

consists of a perfect fluid. Then,
Top = puguy + p hap
where u, is the velocity of the fluid, u,u* = —1 :
1 is the density, p is the pressure,

hap = gap + uqup is the projection operator into the hyperplane orthogonal to wu,,

habub =0.
We decompose the gradient of the velocity vector u, as
Ug;p = Wab + Oap + %hab 0 — ibaub

where

Uy = ua;bub is the acceleration,

0 =u", is the expansion,
Oab = u(c;d)hcahdb — %halﬂ is the shear,
Wab = Ufe;d) he,h%, is the rotation of the flow lines u®.
We define the rotation vector w, as

1 cd, b
Wa = 3Mabed W U -

We may decompose the Riemann tensor R, into the Ricci tensor R,;, and the

Weyl tensor Clpeq:
Rapea = Oabcd - ga[cRd]b + gb[cRd]a - %Rga[cgd}bu

Cabcd = C1[ab} led] C’abcm — V= Ca[bcd]'

15



Clapeq 18 that part of the curvature that is not determined locally by the matter.
It may thus be taken as representing the free gravitational field (Jordan, Ehlers and

Kundt|?]). We may decompose it into its “electric” and “magnetic” components:
Eab = —Labpg upuq’

_ 1 qr D, .S
Hab - _§Capqr77 bs WU,

Cpd = Su, Ey ey 4 45[a[ch]d] — 2na 0P Hp[cud] — QUCdrsurHs[aub}.

Eu = E(ab); Hy, = H(ab)7
Eaa - Haa = 07
Epu® = Hyu® = 0.

FE4 and H,, each have five independent components.
We regard the Bianchi identities,

Rab[cd;e} = O,

as field equations for the free gravitational field.
Then
C’abcdd = _Rc[b;a] + %gc[bR;a]a

(Kundt and Triimper|?]).
Using the decompositions given above, we may write these in a form analogous

to the Maxwell equations:

hbeHbc;dth + 3Habwb - nabcdubaceHde = %hab,ul;b; (1)
hbeEbc;dth + 3Eabwb - nabcdubaceEde = (,u + p) Wa,, (2)

1 Eab + hc(anb)cdeucHde + Eabe - Ec(awb)c - Ec(aab)c - ncde(anbpqrucupo-queT
+ QHC(anb)cdeucue - _%(M + p)aab7 (3)

1 Hab - h/c(aTll))cdeuCsze + Habe - Hc(awb)c - Hc(aab)c - ncde(anbpqrucupaqueT
+ QHC(aT]b)cdeuciLe =0. (4)

where L indicates projection by hg, orthogonal to u, (c.f. Triimper (7)).

16



The contracted Bianchi identities give,

(Rab - %gabR);b - _Tab;b - 07
fu+ (n+p)d =0, (5)
(1 + p)ita + pph’a = 0. (6)
The definition of the Riemann tensor is,

Ug;lbe] = 2Rapbcup .

Using the decompositions as above we may obtain what may be regarded as

“equations of motion”.

0 =2w* —20% — L10% + 4", — L(u+3p), (7)
L Gap = —2wapl) + 20qwp)° + Uppig Rl ah%, (8)
L 0oy = Eap — Wacws — 0ac0p — 300
— 2hap(2w? = 207 + %) + Uatly + Upsq) P ah%, (9)
where 2w? = wupw®, 202 = 040,

We also obtain what may be regarded as equations of constraint:

Qbhba = % [(wbc;b + O'Cb;c)hca — iLb(wab + Uab):| , (10)
W = 2weu”, (11)
Hap = —h (@pyedet’® (W + 0%°) . (12)

We consider perturbations of a universe that in the undisturbed state is confor-
mally flat, that is
Cabcd = 0.

By equations (1)—(3), this implies
Ogb = Wap = Oa hba,u;b = O, e;bhba'
If we assume an equation of state of the form, u = u(p), then by (6), (10),

uybhba =0 = f1ug.

17



This implies that the universe is spatially homogeneous and isotropic since there
is no direction defined in the 3-space orthogonal to w,.

In this universe we consider small perturbations of the motion of the fluid and of
the Weyl tensor. We neglect products of small quantities and perform derivatives
with respect to the undisturbed metric. Since all the quantities we are interested
in with the exception of the scalars, pu, fi,  have unperturbed value zero, we avoid
perturbations that merely represent coordinate transformation and have no physical
significance.

To the first order the equations (1)—(4) and (7)—(9) are

Eu’ = thy"py, (13)

Hu’ = (1 + h) wa, (14)

Eop + Eo@l + b @iyacu He ¢ = =1 (1 + h) oup, (15)
Hap + He@wb — D @iipyacu B¢ = 0, (16)
0 =—10"+u", — I(u+3h), (17)

Wap = — 3Wapl + Uazp) P ph %, (18)

Gab = Eap — 20048 — $hapc + g hP ah?,. (19)

From these we see that perturbations of rotation or of F,, or H,, do not produce
perturbations of the expansion or the density. Nor do perturbations of E,, and Hg,

produce rotational perturbations.

The Undisturbed Metric

Since in the unperturbed state the rotation and acceleration are zero, u, must be

hypersurface orthogonal.

Ug = T a,

)

where 7 measures the proper time along the world lines. As the surfaces 7 =
constant are homogeneous and isotropic they must be 3-surfaces of constant curva-

ture. Therefore the metric can be written,

ds® = —dr* + Q*d?,

where
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dy? is the line element of a space of zero or unit positive or negative curvature.

We define t by
dt 1
dr  Q’
then
ds® = O (—dt* + dy?) .

In this metric,
Uq = (_Q7 07 07 O)7

30 3¢

f Q 02

(prime denotes differentiation with respect to t).

Then, by (5), (7)
. 30
fr=—(p+h) 5

5
35 = —3(n+3h).

(20)

(21)

If we know the relation between p and h, we may determine 2. We will consider

the two extreme cases, h = 0 (dust) and h = s (radiation). Any physical situation

should lie between these.

For h=0
M

By (20), p= REL M = const.

3 .
00— 307 =0,

3 .
MQQ—ﬁzE, E = const.
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(a) For £ >0,

2F
(b) For E =0,
Q 1—]\/5#, T= %t?’,
(c) For E <0,

EM 3 EM
Qz—%(l—cos _Tt)v T:—ﬁ(t—\/_EMsm\/—Tt)

E represents the energy (kinetic + potential) per unit mass. If it is non—negative
the universe will expand indefinitely, otherwise it will eventually contract again. By

the Gauss—Codazzi equations *R, the curvature of the hypersurface 7 = const. is

* 2EM
R=2(=30"+p) = ——5
6 3
>0, *R 0 ok
6 3
It FE *R=— M=_—=
<0, *R 07 z
For h = 3u
Q
L
K Q’
3 _M
Q_ ILL? /’L_Q4J
3 . 1
—— —=F
M 0?2
(a) For E > 0:
1. 1 i} 6
Q:Esmht, T:E(cosht—l), R:_@;

(b) For E =0:
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(c) For E < 0:

1 1
Q:Esint, T:E(cost—l), *R=—.

Rotational Perturbations

By (6) ,
. Wab h
c; hcahd = - .
Hled ’ w4+ h
Wap = —Wab (%9 + nf—h) ‘
For h =0,
wo
For h = &,

w=-w (%Q + %15) = —ng,

Wo

Thus rotation dies away as the universe expands. This is in fact a statement of

the conservation of angular momentum in an expanding universe.

Perturbations of Density

For h = 0 we have the equations,

/l - —,LL@,

) 12

These involve no spatial derivatives. Thus the behaviour of one region is unaffec-
ted by the behaviour of another. Perturbations will consist in some regions having
slightly higher or lower values of 6 than the average. If the universe as whole has a
value of E greater than zero, a small perturbation will still have E greater than zero
and will continue to expand. It will not contract to form a galaxy. If the universe has
a value of F less than zero, a small perturbation can contract. However it will only
begin contracting at a time 07 earlier than the whole universe begins contracting,

where
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ot _OF

. By
T. is the time at which the whole universe begins contracting. There is only any
real instability when E = 0. This case is of measure zero relative to all the possible
values I/ can have. However this cannot really be used as an argument to dismiss it
as there might be some reason why the universe should have £ = 0.

For a region with energy —0F, in a universe with £ = 0,

1 4
0= — [ - _+...
45E( 2 )
_ 1 t3_t5_'_
T T 125E 20 )

L3 A GEPE ,
"R T (” g5 )

For E=0, p= %7_2.

Thus the perturbation grows only as 7%/2. This is not fast enough to produce

galaxies from statistical fluctuations even if these could occur. However, since an
evolutionary universe has a particle horizon (Rindler (8), Penrose (9)) different parts
do not communicate in the early stages. This makes it even more difficult for statis-

tical fluctuations to occur over a region until light had time to cross the region.

Forh:’Sﬁ

0=—160>—p+a,,
U, = _—hba b
a 4ILL M
As before, a perturbation cannot contract unless it has a negative value of F.
The action of the pressure forces makes it still more difficult for it to contract.
Eliminating @,

Pt — 2“2 - %/1’3 + §M2ua;a =0,

.. . L - hb Hb) . .
it =10y '+ utt = -1 h“CM to our approximation.
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h®V .h’, V)

is the Laplacian in the hypersurface 7 = constant.
We represent the perturbation as a sum of eigenfunctions S™ of this operator,

where

S™ ut =0,

b gn) n m

h(h°.S'™ p).c = —mS .
These eigenfunctions will be hyperspherical and pseudohyperspherical harmonics
in cases (¢) and (a) respectively and plane waves in case (b). In case (c) n will take

only discrete values but in (a) and (b) it will take all positive values.

1= pio (1 +) B<“>S<">> :
where piy is the undisturbed density.

2

B0 g — 1B g — B (gﬂg _ ?ﬁﬂ@) —0.

n2

107 B™ will grow.

As long as g >
For o > %,

B"W ~Cr+Dr L,

These perturbations grow for as long as light has not had time to travel a sig-
nificant distance compared to the scale of the perturbation (~ %) Until that time
pressure forces cannot act to even out perturbations.

When 2 > i,

R(n nQ n? n(n
B™ + B )5+?B():0,

oy

1 .
B™ ~ QO 2¢7VE

We obtain sound waves whose amplitude decreases with time. These results con-
firm those obtained by Lifshitz and Khalatnikov (3).
From the foregoing we see that galaxies cannot form as the result of the growth of

small perturbations. We may expect that other non— gravitational forces will have
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an effect smaller than pressure equal

The Steady-state Universe

To obtain the steady-state universe we must add extra terms to the energy-—momentum

tensor. Hoyle and Narlikar (10) use,

Tup = puatty + hap — CoCy + 2g,4,C.O% (20)

where,

Since T,,"* = 0,

i+ (e + h)0+uC,Cy° =0, (21)

(1t =+ )ity + RPoh% — hb,C,Cyd = 0. (22)

There is a difficulty here, if we require that the “C” field
should not produce acceleration or, in other words, that the matter created should

have the same velocity as the matter already in existence. We must then have

h.C, = 0. (23)

However since C' is a scalar, this implies that the rotation of the medium is ze-
ro. On the other hand if (23) does not hold, the equations are indeterminate (c.f.
Raychaudhuri and Bannerjee (11)). In order to have a determinate set of equations
we will adopt (23) but drop the requirement that C, is the gradient of a scalar.
The condition (23) is not very satisfactory but it is difficult to think of one more
satisfactory. Hoyle and Narlikar (12) seek to avoid this difficulty by taking a particle
rather than a fluid picture. However this has a serious drawback since it leads to
infinite fields (Hawking (13)).

From (17),
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:—9(1— a )+ a .
w4 (4 h)é p+ g+ (n+h)d
For > h
(i+h)=0(1— (u+h)),
(u+h)— 1

Thus, small perturbations of density die away. Moreover equation (18) still holds,
and therefore rotational perturbations also die away. Equation (19) now becomes

6= —36° — 3(n+3h)+ 1,

0 — /3 (35— h).

These results confirm those obtained by Hoyle and Narlikar (14). We see therefore
that galaxies cannot be formed in the steady-state universe by the growth of small
perturbations. However this does not exclude the possibility that there might be
a self-perpetuating system of finite perturbations which could produce galaxies.
(Sciama (15), Roxburgh and Saffman (16)).

Gravitational Waves

We now consider perturbations of the Weyl tensor that do not arise from rotational

or density perturbations, that is,
Eab;b = ab;b =0

Multiplying (15) by u‘V., and (16) by h®e¢ny"*u, Vs, we obtain, after a lot of

reduction,

Eup — (Bege heph?gh® o B1%) + hMho'hy® T E 0
+Ey (9’ 402+ L+ 3h)> + Ou (ge(u +h) 4+ 1+ h)) —0.  (24)

In empty space with a non-expanding congruence u® this reduces to the usual
form of the linearised theory,
OFEu = 0.

The second term in (24) is the Laplacian in the hypersurface 7 = constant, acting

on E,. We will write E,; as a sum of eigenfunctions of this operator,

Eg =Y AMVE,
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where

2
7n C e n n
V;z(b) — 0, (‘/;d;eh fhdgh (ahfgb)) = _ﬁ V:l(b),

V' =0,  V,*=0.
Then
A 40
0 Q

(n)
ab

) (n) .
B =Y % Vel Ba=)

Similarly,
= 3 DOV,
Then by (19)
Q/
D' =AM — 2D(")§.

Substituting in (24),

6Q/ Q” 2 ) .
A”<")+WA’<">+A<"> ln2 +35 + 0 3l t 3h)92} +D™ [Q(u +h)+ 102+ h)| = 0.

We may differentiate again and substitute for D’. For n > 1 and Q > Z—;,

1

~ int
~ —93/2 e

A
So the gravitational field E,;, decreases as Q" and the “energy” $(Eq £+ Hq, H™)
as 7% We might expect this as the Bianchi identities may be written, to the linear

approximation,
0
Qg% (PCopea) = Jape-
g e ( b d) b
Therefore if the interaction with the matter could be neglected Cyp.q would be
proportional to Q and E,;, Hy, to Q71

In the steady-state universe when p and 6 have reached their equilibrium values,

Ry, = (%:U“ + h) Yab,

Jabe = Rc[a;b] - %gc[aR;b] = 0.

Thus the interaction of the “C” field with gravitational radiation is equal and oppo-
site to that of the matter. There is then no net interaction, and E,, and H,, decrease
as Q1.

The “energy” 1

2
It is therefore proportional to the frequency squared times the energy as measured

(BB + H,,H®) depends on second derivatives of the metric.
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by the energy momentum pseudo-tensor, in a local co-moving Cartesian coordinate
system, which depends only on first derivatives. Since the frequency will be inversely
proportional to €2, the energy measured by the pseudo-tensor will be proportional

to Q~* as for other rest mass zero fields.

Absorption of Gravitational Waves

As we have seen, gravitational waves are not absorbed by a perfect fluid. Suppose
however there is a small amount of viscosity. We may represent this by the addition

of a term Aoy, to the energy—momentum tensor, where A is the coefficient of viscosity

(Ehlers (17)).
Since
T’ =0
we have
o+ (u+ h)o —2x0* = 0, (25)
(1t + )t + hPupip + Ao ®hy = 0. (26)

Equations (15) (16) become

Eab + Ec(ae + hc(anb)deucfjfd;e = _%<,u + h)o-ab - %/\ (Eab - %o-abe) ) (27)

Hap + Heod — 1 aiyyacu By = —INHy, (28)

The extra terms on the right of equations (27), (28) are similar to conduction
terms in Maxwell’s equations and will cause the wave to decrease by a factor e*%’\t.
Neglecting expansion for the moment, suppose we have a wave of the form,

B, = E2e™".

This will be absorbed in a characteristic time 2/) independent of frequency. By
(25) the rate of gain of rest mass energy of the matter will be 2\a? which by (19)
will be 2A\E?r~2. Thus the available energy in the wave is 4£2v%. This confirms
that the density of available energy of gravitational radiation will decrease as =4
in an expanding universe. From this we see that gravitational radiation behaves in
much the same way as other radiation fields. In the early stages of an evolutionary
universe when the temperature was very high we might expect an equilibrium to be

set up between black-body electromagnetic radiation and black-body gravitational

27



radiation. Since they both have two polarisations their energy densities should be
equal. As the universe expanded they would both cool adiabatically at the same rate.
As we know the temperature of black-body extragalactic electromagnetic radiation
is less than 5°K, the temperature of the black-body gravitational radiation must
be also less than this which would be absolutely undetectable. Now the energy
of gravitational radiation does not contribute to the ordinary energy—momentum
tensor Tg,. Nevertheless it will have an active gravitational effect. By the expansion
equation,

6 =—10% — 20" — L(u+3h).

For incoherent gravitational radiation at frequency v,
0? = aFE*v 2
But the energy density of the radiation is

4 E*2,

0 = —36" — 3uc — 3(u+ 3h),

where p is the gravitational “energy” density. Thus gravitational radiation has an
active attractive gravitational effect. It is interesting that this seems to be just half
that of electromagnetic radiation.

It has been suggested by Hogarth (18) and Hoyle and Narlikar (10), that there may
be a connection between the absorption of radiation and the Arrow of Time. Thus
in universes like the steady-state, in which all electromagnetic radiation emitted is
eventually absorbed by other matter, the Absorber theory would predict retarded
solutions of the Maxwell equations while in evolutionary universes in which electro-
magnetic radiation is not completely absorbed it would predict advanced solutions.
Similarly, if one accepted this theory, one would expect retarded solutions of the
Einstein equations if and only if all gravitational radiation emitted is eventually
absorbed by other matter. Clearly this is so for the steady—state universe since A
will be constant. In evolutionary universes A will be a function of time. We will
obtain complete absorption if [ Adr diverges. Now for a gas, A o T? where T is
the temperature. For a monatomic gas, T' oc 272, therefore the integral will diverge
(just). However the expression used for viscosity assumed that the mean free path of
the atoms was small compared to the scale of the disturbance. Since the mean free

path oc = 'xkQ~3 and the wavelength o< Q~!, the mean free path will eventually be
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greater than the wavelength and so the effective viscosity will decrease more rapidly

than Q~!. Thus there will not be complete absorption and the theory would not

predict retarded solutions.

However this is slightly academic since gravitational radiation has not yet been de-

tected, let alone investigated to see whether it corresponds to a retarded or advanced

solution.
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Chapter 3
Gravitational Radiation In An

Expanding Universe

Gravitational radiation in empty asymptotically flat space has been examined
by means of asymptotic expansions by a number of authors. (1-4) They find that
the different components of the outgoing radiation field “peel oftf”, that is, they go
as different powers of the affine radial distance. If one wishes to investigate how
this behaviour is modified by the presence of matter, one is faced with a difficulty
that does not arise in the case of, say, electromagnetic radiation in matter. For
this one can consider the radiation travelling through an infinite uniform medium
that is static apart from the disturbance created by the radiation. In the case of
gravitational radiation this is not possible. For, if the medium were initially static,
its own self-gravitation would cause it to contract in on itself and it would cease to
be static. Hence one is forced to investigate gravitational radiation in matter that
is either contracting or expanding.

As in Chapter 2, we identify the Weyl or conformal tensor Cp.q with the free
gravitational field and the Ricci-tensor R,, with the contribution of the matter
to the curvature. Instead of considering gravitational radiation in asymptotically
flat space, that is, space that approaches flat space at large radial distances, we
consider it in asymptotically conformally flat space. As it is only conformally flat,
the Ricci-tensor and the density of matter need not be zero.

To avoid essentially non—gravitational phenomena such as sound waves, we will
consider gravitational radiation travelling through dust. It was shown in Chapter 2

that a conformally flat universe filled with dust must have one of the metrics:

(a)

ds* = —)? (db2 — do* —sin®p (d92 + sin? 9d¢2)) , Q=A(1—-cost) (1.1

(b)
ds® = Q2 (dt* — dg* — ¢ (d6® +sin20d¢?)), Q= 1As (1.2)
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(c)
ds® = Q* (dt* — do® — sinh® o (d6° +sin®0d¢?)), Q= A(cosht—1) (1.3)

Type (a) represents a universe in which the matter expands from the initial sin-
gularity with insufficient energy to reach infinity and so falls back again to another
singularity. It is therefore unsuitable for a discussion of gravitational radiation by a
method of asymptotic expansions since one cannot get an infinite distance from the
source.

Type (b) is the Einstein—de Sitter universe in which the matter has just sufficient
energy to reach infinity. It is thus a special case. D. Norman (5) has investigated
the “peeling off” behaviour in this case using Penrose’s conformal technique (6). He
was however forced to make certain assumptions about the movement of the matter
which will be shown to be false. Moreover, he was misled by the special nature
of the Einstein—de Sitter universe in which affine and luminosity distances differ.
Another reason for not considering radiation in the Einstein—de Sitter universe is
that it is unstable. The passage of a gravitational wave will cause it to contract
again eventually and develop a singularity.

We will therefore consider radiation in a universe of type (c¢) which corresponds
to the general case where the matter is expanding with more than enough energy to

avoid contracting again.

The Newman—Penrose Formalism

We employ the notation of Newman and Penrose. (3) A tetrad of null vectors,

", n*, mt, m* is introduced where:
0" =n,n" =m,m" =m,m" =1,m" =1,m"=n,m"=n,m"=0,

[t =1, mymt = —1.

We label these vectors with a tetrad index

ZE = (I*,n*, mt mh), a=1,2,3,4.
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Tetrad indices are raised and lowered with the metric

0 1
10
b = 2.1
= oo 1 (2.1)
00 —1 0
We have,
g =0 ZhZE = 1"nY 4 'l — mPmY — mim?. (2.2)
Ricci rotation coefficients are defined by:
Yabe = ZCI:VZZZ)IZC[Lv (23)

Yabe = —Vacb-

In fact it is more convenient to work in terms of twelve complex combinations of
rotation coefficients defined as follows:
Kk =731 = lu;um“llja
T = =241 = _n#;ymﬂl’/7
€= %(7121 + Y341) = %(lu;un“ly — my,,mHlY),
P =734 = lu;umumya
A= —V244 = _nmymﬂm”’
a = 5(y124 — Y3aa) = 5 (Lt m” — my,mimY),
B = %(7123 — Y343) = %(lu;v"“my — My mim”),
0 = 7133 = lu;um“mya
M= —"243 = _nu;umumya
V= =742 = _nu;ynllm’/’
7= %(7122 — V342) = %(Zu;ununy — My m*n”),

T = Y132 = l#;ym”n”. (24)
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Coordinates

Like Newman and Penrose, we introduce a null coordinate
u(= X1), g uu, = 0.

We take

Thus [, will be geodesic and irrotational. This implies

k=0, p=p, €e€=¢ a+p=0.

We take n*, m#, m* to be parallely transported along [#. This gives

T=¢c=0.

(3.3)

As a second coordinate we take an affine parameter (= X?) along the geodesics

[H

I

vl =1

(3.4)

X? and X* are two coordinates that label the geodesic in the surface u = const.

gX puy = X0 =0,

Thus,
0 1 0 0
23 24
g = 1 0 ¢
0 g® ¢»¥ g
0 ¢ g oM
In these coordinates
l, = ‘51;“ [H =¥y,

since [, " =0, [,mt = 0,

m* = cos 6 ot3 + sin 6 64,

nM:5N1+U5N2+Xi5Ni’ 'i:3,4.

33

(3.5)



The Field Equations

We may calculate the Ricci and Weyl tensor components from the relations

Raped — Ravde = Yablesd) = Vab[did] + VaebV ed = Vaed Y bes (3.8)

Raved = Cabed + NafeRap + MojaReja + EnafeNapp- (3.9)

Using the combinations of rotation coefficients already defined and with Kk = 7 =

e = 0, we have

Dp = p* 4 06 + ®qo, (3.10)

Do = 2po + ¥, (3.11)

Dt =pr+omn+ ¥y + P, (3.12)

Da = pa+ S5 + Py, (3.13)

DB = pB + aoc + ¥y, (3.14)
Dy=71a+706—Vy— A+ Py, (3.15)

DX = pA+ po + Py, (3.16)

Dp = pu+ ol + Uy + 2A, (3.17)
DV:T)\+7_',UJ+‘113+(I)21. (318)

Av — 0y =2av+ (F — 3y —p— i)\ — Wy, (3.19)
Sp—do=(B+a)p+(B—3a)s— ¥ + Dy, (3.20)
S — 6B = pup — Ao —2aB 4+ aa+ BB — Wy + A + Oy, (3.21)
A —6p = (a+ B)p+ (& —38)A — Uy + Dy, (3.22)
v — Ap =y — 287 + 37 + 1?4+ A\ + Poo, (3.23)
0y —AB=qu—ov—(u—7—7)8+ Aa+ 1z, (3.24)
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6T — Ao =287 + (F + 1 — 37)o — Ap + Py, (3.25)

Ap—61=(y+7—[i)p—2ar — Ao — Uy — 2A, (3.26)
Aa—oy=pr—TA= A0+ (Y —7— ) — V3. (3.27)
D=1I"V, = 9 (3.28)
koor
0 0 . 0
— H = _— —_— XZ - 2
A= NIV, V@r - ou * ox? (3:29)
0 .o,
— K — R L
0 =M"V, W@r +& pys (3.30)
Dy = —5R11 = Do (3.31)
q)ll — _%(RIQ + R34) - 611 (332)
D = —5R13 = Dy (3.33)
D1y = —1Ry3 = Dy (3.34)
Dgy = —5 Ry = Do (3.35)
Doy = —1Ryy = Doy (3.36)
A= ﬁ (3.37)
\Ifo = —01313 = —Uapys l(X??”LBle??”L(S (338)
\111 == —01213 = —Uapys lan5l7m5 (339)
1’2 = —% (01212 + 01234) = —% By (lanﬁl“’na + lanﬁme‘s) (340)
Wa = Clooy = Ca/fjws 1“n®min’ (341)
\114 == —02424 = —Uapgys namﬂn7m5 (342)

Expressing the rotation coefficients in terms of the metric, we have:
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D¢ =p¢+od (3.43)

Dw=pw+ow—(a+p) (3.44)
Dxy=1&4+7¢ (3.45)
DU=17w+7Tw0—(y+7%) (3.46)
X' = AL = (u+7 =)+ A (3.47)
08 =08 =(B—a)f +(a—p)& (3.48)
do—dw=B-a)wt+(@— )@+ (u—q) (3.49)
U —-Aw=(u+5—7)w+Ao—v (3.50)

As in Chapter 2 we use the Bianchi identities as field equations for the Weyl
tensor. In the Newman—Penrose formalism they may be written: (I am indebted to
R. G. McLenaghan for these)
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5\110 — D\Ijl —+ D(I)()l — 5(1)00 = (7'(' — 40()‘1’0 — 2(27' + B)q)()()
+ 2p¢)01 - 25@10 (351)

A\Ijo — (5\111 —+ DCI)OQ — 5@01 = (4*)/ — ,LL)\I]O — 2(2’7’ + B)\I{l
+ 30Uy — ADgg — 28D + 2011 — 7Py
(3.52)

3(6W, — DWy) 4 2(D®yy — 68 yp) + 6P — Adyg
= 3\¥y — 9pUs + 6V,
+ (0 — 27 — 29)Pgo + (2 + 27) Dy
+ 2(7 — 2a)P1g + 2pP11 + 20Poy — 6Py

(3.53)
3(A\111 — 5\112) + Q(A(I)Ol — 5(1)11) + (5(1)02 — A(I)()l)
=3V + 6(y — pu)Wy; — 97V + 6oWy
+2(u — i = 7)Por — 2AD19 + 20Dy,

3(5\112 — D\I/3) + Q(Dq)gl — 5@20) -+ 2(D(I)11 — (5(1)21)
= 6M\I/1 - 6[)\1]3 - 271'(1)02 + 2(,LL — ,l_J, — ’Y)CI)IO
+ 4@@11 + (25 —2a — 271')(1)20 - 2(5@12 (355)
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?)(A\I/Q — 5\113) + (D(I)QQ — 5@21) + 2(5@12 — A(I)H) = 61/\1/2 - 9/1\112 + 6(6 - T)\Ifg - 30'\114
— 27/@01 + 25@10 + Q(ﬂ — ,U)CI)H + 2/\(1)02

— )\(1)20 + 2(77' — 2,6)(1)12 + 2(57’ — ’)/[L)Cbgl — 6¢
(3.56)

5\113 - D\P4 + gq)gl - ACDQO = 3)\\112 - 2V\113 - p\IJ4
— 21/@01 -+ 2/\@10 + (2’)/ — 2’7 — M)(I)QO
+ Q(ﬁ — Oé)q)gl — 6(1322 (357)

A\Ijg - 5\1/4 + S(DQQ - A<I>21 = 31/\112 - 2(’7 + 2,&)\];’3 + (45 - T)\I/4
— 2V(p11 - D(I)OO + 2)\@02

+ 2("}/ + ﬂ)q)ll + (ﬁ' — 25 — 27’)@22
(3.58)

D®yy — 5Py — Do + ADgy + 3A = (2y — pu — 2[1) Doy + TPy
— APgy — 27 Py + (28 — 200 — ) Do + 3pPaz -
(3.59)

D(I)lo — 5(1)01 + A(I)OO + 3DA = (2"}/ — U + 2’7 — ﬂ)q)oo — 2(0{ + ﬁ)(blo
— 2(7' + a)@lo + 4pq)11 + 6@02 — Tq)go
(3.60)

D(I)Qg - (S(I)Ql - S(I)lg + A(I)H + BAA == I/(I)()l -+ 17(1)10 - 2(,& -+ [L)@]l
— )\@02 — 5\(1)20 + (26 — T)(blg + (Qﬂ — T)(I)Ql

The Undisturbed Metric

The undisturbed metric may be written
ds® = O (dt* — dp® — sinh? p (d6” + sin® 6 d¢”))

where

Q= A(cosht —1).
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Put
U:t—p,

then
ds®> = Q% [—du® + 2 dudt — sinh®(t — u) (d6” + sin® 6 d¢*)] (4.1)

u is a null coordinate.
To calculate r, the affine parameter, we note that ¢ is an affine parameter for the

metric within the square brackets. Therefore

= /92 dt = B(u, 0, ¢) (4.2)

will be an affine parameter for (4.1).
B is constant along the null geodesic. Normally it would be taken so that r = 0
when t = u. However, in our case it will be more convenient to make it zero and

define r as .
r= / Q2 dt’ (4.3)
0

This means that surfaces of constant r are surfaces of constant ¢. This may seem
rather odd, but it should be pointed out that the choice of B will not affect the

asymptotic dependence of quantities. That is, if
f=0r™)

then
f=00"™), v =r+B.

It proves easier to perform the calculations with this choice of r but all results
could be transformed back to a more normal coordinate system.
From (4.3)
r = A [Lsinh 2t — 2sinh ¢ + 3¢] (4.4)

The matter in the universe is assumed to be dust so its energy tensor may be
written

Tw = nV,V, (4.5)
For the undisturbed case, from Chapter 2

6A

M= o3 (4.6)

Vo= Qt,, V,Ve=1

)
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Now

3A? log s
Q=V2s+A— "2 4 O(s! 4.7
sram 208 o (47

where

S =T.

Therefore if we try to expand p as a series in powers of s the result will be very

messy and will involve terms of the form

1 n
og Sl‘(*)

STL

* It should be pointed out that the expansions used will only be assumed to be valid
asymptotically. They will not be assumed to converge at finite distances nor will the
quantities concerned be assumed analytic. (see A. Erdelyi: Asymptotic Expansions —
Dover)

This does not invalidate it as an asymptotic expansion but it makes it tedious to
handle. For convenience therefore, we will perform the expansions in terms of {(r)
which will be defined in general as the same function of r as it is in the undisturbed

case. That is
Q= A(cosht —1),  r=A?[isinh2t — 2sinht + 2¢] (4.8)

then

Bl [ I _ ...
o e tos s s

3
o \1t+34 A A2 AP 5AY TAP (19)
dr Q - Q '

For the third and fourth coordinates it is more convenient to use stereographic
coordinates than spherical polars.

Since the matter is dust its energy-momentum tensor and hence the Ricci tensor
have only four independent components. We will take these as A, ®gg, Pp; (since
®g; is complex it represents two components).

In terms of these the other components of the Ricci tensor may be expressed as:

D1 P,

(I)ll - 3A+ e—
00
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_ 6ADy ( %1%)2
Dy = By = +
12 21 @00 6A(I)00
_ cI)2
Ppg = P = q)—m (4.10)
00

For the undisturbed universe with the coordinate system given:

1 A
A = — = —
24 403
3A 3A 3A
oo = R Py = 1087 Pop = )
(I)Ql = (DOQ =0 (411)

Using these values and the fact that in the undisturbed universe all the ™ are
zero, we may integrate equations (3.10-50) to find the values of the spin coefficients

for the unperturbed universe:

2 A (A A?
P=—m@ ot (7 — 762“) Q'+ A -+ A (2 —du— L") Q70+
e=nm=rk=v=A=x=0
Set — ASe™  Se™ U
&= 7 =5 + 7AY(5SAu + Se*)Q 7 + - -
_ {V8e* AV Se@
a=—f= =5t (6.1)
A Q2 oy O e
MZE—I(He?)Q2+Z(1+262)Q3+--- (6.2)
1 A A A3
"=yt Tt (6.3)
U:%W (4.12)
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6.1. Boundary Conditions

We wish to consider radiation in a universe that asymptotically approaches the
undisturbed universe given above. ¢gy and A will then have the values given above
plus terms of smaller order. To determine this order and the order of ¢y and 7y,
there are two ways in which we may proceed. We may take the smallest orders that

will permit radiation, that is

Larger order terms than these in ¢gg, A and ¢g; turn out to have their u derivatives

1 coefficient of 14, the radiation

dependent only on themselves and not on the r~
field. They are thus disturbances not produced by the radiation field and will not
be considered.

Alternatively we may proceed by a method of successive approximations. We take
the undisturbed values of the spin coefficients and use them to solve the Bianchi
Identities as field equations for the conformal tensor using the flat space boundary

condition that

Then substituting these ¢’s in equations (3.10-27) calculate the disturbances in-
duced in the spin coefficients and substituting these back in the Bianchi Identities,
calculate the disturbances in the 1’s. Further iteration does not affect the orders of
the disturbances.

Both these methods indicate that the boundary conditions should be:

A

A= 1t oQ™") (5.1)
34 »

Poo =5 + o(Q™) (5.2)

dor = O(Q277) (see next section) (5.3)

% =0(Q7) (5.4)

We also assume “uniform smoothness”, that is:

o 0 0, .
2w ow g =00
Y s

ete..../
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It will be shown that if these boundary conditions hold on one hypersurface (v =
const.) they will hold on succeeding hypersurfaces and that these conditions are the

most severe to permit radiation.

6.2. Integration

As Newman and Penrose, we begin by integrating the equations (3.10 & 11)

Dp = p2 + 00 + ¢00, (64)
Do = 2po + . (6.5)
where A
_ -3
Poo = NI +O0(r™)
_ 4
¢0 — 8\/§T7/2 +O(T’ )
Let
p=|" 7, = | Y|
g op Yo Poo
then
DP=P*+® (6.1)
let
P=—-(DY)Y ! (6.2)
then
D?Y = —®Y (6.3)
since
/TCI) dr < oo
DY = F+ O(1), where F' is constant (6.4)
Y =rF+0O(r).
However
d = O(r—/?).
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therefore
D*Y = —r®F 4+ O(r—3/?) = O(r—3/?) (6.5)

therefore
DY = F +0(r /%

Y =rF+ 0" + E, E is constant
P=—rT+0(r 37 (6.6)

if ' is non-singular (The case F' singular corresponds to asymptotically plane or

cylindrical surfaces and will not be considered here).

Thus
p=—114 00 = 2072+ 0(073),
o=0"%?) =007 (6.7)
Let
p=—20"7+g0"" (6.8)
o= hQ73,
where
g, h,...=0(1).
Then using:
9, A% A3Q3 0
D=—=-Q'(1+407"— — ) =
ar ( * > T2 ) a0
% Q+0(1)=-A—-g+0(Q)
B g
Integrating,
1 (—A+0(Q™1) (2+0(1))
- Q| .
I=ar oW {“*/ Q100
therefore los O
g:—A+0<O§g2 ) (6.9)
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for h,

oh
—(Q 1) =— ot
o (2+0(1) = —h+ 0@
therefore
h=0(Q" (6.10)
Repeat the process with
p=—-20"2— AQ3 + g1, (6.12)
o=hQ* (6.6)
where
g = O(log ),
h=0(1)
then oh
—(Q 1)) =0(""!
o @+0(1) =0@™)
h=c"u,z%) +0(Q™ ) (6.13)
99 (—Q+0(1) =0(2 1ogQ)
0N}
g=p"(u,2°) + O(Q log Q) (6.14)

Unlike Newman and Unti, we cannot make p° zero by the transformation
7”, —r— PO7

since this would alter the boundary condition

A +AO
403 QT

Continuing the above process we derive:

p= —207"2— A0+ P07 + (%A2 — 2A,00) Q-
(6.15)

5 012 0=0
+ (71’44 +4A%p" — (pT) — %) QC+0@Q)
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o=0"0""— (246° +0) Q" + - - (6.16)

To determine the asymptotic behaviour of v, a, 3, £¢ and w we use the lemma
proved by Newman and Penrose:

The n x n matrix B and the column vector b are given functions of x such that:
B =0(x7?), b=0(z"? (6.17)

The n x n matrix A is independent of x and has no eigenvalue with positive real

part. Any eigenvalue with vanishing real part is regular. Then all solutions of:

0 -
5= (Az7'+B)y+b (6.18)

are bounded as x — oo. y is a column vector.

For reasons to be explained below, we will assume for the moment that

¢01 = O(Q_5>7
9 —6
g0 = 0(27°), (6.19)
o 0

%@'“%1 =0(Q7).

We take as y the column vector
y= [, Qa, Pa, 026, %6, 026, 028, 0%, 28 w.a]". (620

By equations 3.51, 3.13, 3.14, 3.43, 3.44,
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|
w

6A 6A

o O O O O o o O
oS O O O O o o O

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

|
—_

|
—_

O O O O O O O o o O

O O O O O O o o o o o
O O O O O O o o o o o
O O O O O O o o o o o

-1 0 0 -1
B and b are O(Q™!) expressions involving

Iy Oy

P g, ¢Oa %7 %7 ¢017

Thus
U =0(Q7),
a, 8,6, =0(Q7?),
w=0(1).
since

T=a+p,

T=0(07?).

0 1,bA 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 (6.21)
0 0 0
0 0 0
0 0 0
0 -2 0
0o 0 =2
o1
and 20
(6.22)

Using this we integrate equation (3.12) by the same method as above. We obtain

7 =71"u, )%+ 0(Q

%) (6.23)

We may make a null rotation of the tetrad on each null geodesic

=1,
n, = ny, + am, +am, + aal,, (6.24)
m, = my +al,.

a is constant along the geodesic since the tetrad is parallelly transported.

By taking
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we may make

0 =0.

Under a null rotation
Po1 = Po1 + adoo.

Thus until we have specified the null rotation we cannot impose a boundary

condition on ¢y; more severe than
bor = O(27°).
We will specify the null rotation by
=0
and in that tetrad system will impose the boundary condition that
dor = O(Q7)

and is uniformly smooth.

Then by using this condition on ¢g; and

r=0()
by equation (3.44)
w=0(Q"
using this in equation (3.51)
Y1 =0(Q7°)
then by equation (3.12)
T=0(0%

putting this back in equation (3.44)
w=0(2"?1log Q)

by equation (3.51)
Y = O(Q_7 log ©2)
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by equation (3.12)

by equation (3.44)

by equation (3.51)

P =0(Q77) (6.25)

by equation (3.12)
T=0(077) (6.26)

by equation (3.44)
w=w 0+ 0(Q% (6.27)

By differentiating the equations used with respect to x?, one may show that 1,
a, B, a, £, w are uniformly smooth.
Adding equations 3.53 and 3.60:

0ty — Dby + D1 — 6¢o1 + DA = Xbg — 3pipa + 2athy — oo — 20610

(6.28)
+ 2p011 + 0.

we may use the lemma again with y

Q'
y= | %\
Qu

By equations 3.16, 3.17, 6.28,

B and b are

Therefore

A =0(Q2), (6.29)

and are uniformly smooth.
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From (6.29) and (3.17), we may show

using this in (6.28)

then by (3.17)

A
2

p==0"14+0

(2 ?1og Q).

Py = O(2 " log ).

A .
= EQ_I + 1 (u, 2+ O(Q 3 log Q).

and

Integrating the radial equations 3.13, 3.14, 3.15, 3.16, 3.43, 3.45, 3.46,

a=a’Q?

— A0’ 4 = (3A2 0

B=pB"0"2%— AR + = (3A250

A
y=9"-50"

2

A=)\02-4 (/\0+

gc — 500972 + AQBfOC o

1 2¢+0c
2(3A5

20

A2

—p’® +35°8°) Q7+ 0(Q7°)

OBO + BOO'O) Q,4 4+ 0(975>

4

210

(@)

~0
%) O3+ 00

p ¢’

c EOCO'O) 974 4 0(975)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)



6w2 — Dwg + D¢21 — 6¢20 -+ 25/\ = 2)\w1 — 2p1p3

1 (fi 4 21) p10 + 2(8 — @) P20 + 2p¢pa1.

3
(6.38)
Therefore
Pz =PI+ O(Q7P) (6.39)
By equation (3.18)
1
v=1"— 5@/13?9_2 +0(Q7%) (6.40)
By the orthonormality relations (2.2),
g =X"— (Co+w) =X+ 0(07),
gl=— (T +E¢),  ij=34
7 =~ (€6 + £°6) (071 ~240°7) + 0@ (641
By making the coordinate transformation
u = u,
r'=r,
x/i _ :L‘i + Ci(u,xc),
where
03 :_X30 1+C3 _X4OC3 ’
! ( ) ! (6.42)

Cly=-X"(1+C") - X0,

X =0.

We still have the coordinate freedom
2" = D'(27).

We may use this to reduce the leading term of ¢ (i,j = 3,4) to a conformally

flat metric (c.f. Newman and Unti), that is:

g7 = —2PP§7 (Q7" — 2407%) + 0O(Q79). (6.43)
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where
€0 = —ig" = P(u,2").

6.3. Non-radial Equations

By comparing coefficients of the various powers of €2 in the non-radial equations
of §3, relations between the integration constants of the radial equations may be
obtained:

In equation 3.23 the term in Q! is

3 3
—ZA 0 ~0) ZA
A0 -
therefore
P+ =1 (7.1)
therefore by (6.37)
1
U= 592 +U+0(Q™). (7.2)
In equation (3.50), the constant term is
0
therefore
=0 (7.3)

By the Q72 term in (3.47)
Py—Py=(3"-19")P.

By the Q73 term

Py =P, =0.
therefore )
V=7 = 5 (7.4)
P = S(z")e"
if
S =|S|e™.

52



By making a spatial rotation of the tetrad
mt = e Pmt

we make S real. We take

5= 1+ @7+ ).

the stereographic project factor for a 2-sphere.
By the Q7* term in equation (3.48)

where

By the Q™ term in (3.21)

2 P —

1 _ _ A
562“ (SVVS +5VVS) = —24° — 7(vp)(vp).

2
= —é — S—V?logSe%

4 2 (7.6)

2

A u
:—Z[1+€2:|

By (3.59), (3.60), (3.61) ;

%%i =0(Q7).

— =HQ P +0(2 %logQ) (7.7)

where

By making a coordinate transformation®

v =u —/ H du" (7.8)
uo
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therefore
goo A A P
6 6 3
By the Q7* term in (3.26)
0 0 A2 2u
pla+4U :—7(1+e ) (7.9)

therefore

pl==(1-¢")+ C(z')es". (7.10)

u=1u
By the Q7% term in (3.25)
w1 (6% — &) (7.11)
5 7,
By the 27 term in (3.22)
1
8= (@1 =) 95— Lo o0, - 12

By the Q2 term in (3.50)

1
2,0 —w’) = §¢§

w’ =e" (SV5" — 20°VS) + K (z")e* (7.13)

By the Q¢ term in (3.20)
SV + 4w’ — e"SVa? = 20°V S e*

therefore
C=K=0 (7.14)
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therefore
U%=0 (7.15)

p’ = A? (1—¢*) (7.16)

Using (7.6), (7.16), in (6.28)

Then by (3.17)

2
=St (14 ey
2 4
5 /1 (7.17)
- 7 (5 + €2u> Qig + 0(974 log Q)
Using this in (6.28)
Pa = 0(Q79) (7.18)
By (3.51), (3.59), (3.60), (3.61)
0
00 = oQ™)
0
%%o = 0(Q™?)
0, _ -7
%A =0(Q7")
0 -7
iy =007 (7.19)

Therefore if the boundary conditions (5.1-4) hold on one null hypersurface, they
will hold on succeeding hypersurfaces.
By (3.57)
e =0(Q7?) (7.20)
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The “peeling off” behaviour is therefore:

Py = O(r™),

Py = O(r™?),

Py = O(r™?), (7.21)
v =0(r™?),

Wy = O(r="/?)

As mentioned before, this asymptotic behaviour is independent of the zero of r
and will hold for any affine parameter r.

To perform the remaining integrations we will assume for definiteness:

do1 = VT + o 10+ 0(Q77),
Yo = e + Q% + 0(Q77),

(7.22)
A= %Q* +A°Q7T+0(Q7"),
doo = 3AQ T + g0, Q77 + O(Q719).
Then:
A2
p= —207% - AQ3 + 5 (1 — 62“) o
3
+ A? (1—2¢)Q~°
5 7 1 oVa?
4 (Y " 2w~ 4u | —6
* {A <8 s T3¢ ) 2 ]Q (7.23)
1 % [A5 (—% + 8e®" + 8e' + 266“) — %
+5° (340" + 1) + 0° (345° + )| Q77
+0(Q78).
o =00 — (240" +49) Q77 + O(Q79). (7.24)
1 _
r= =5 (8 + ) Q7 + 02 log ). (7.26)
w =7 (SVo' —20"V5) 02
Ae* , ~ _ 1
— |5 (5V0" —20"95) + 5 (¢ +uf) | @7 (7.26)

+0(Q *1og Q).

o6



1 - 1 -
a=—-e"VSN?2— EAeUVS 03

2

L1
4

{AZe"VS <§ + %e“) + e“(VS)&O] Q!

+0(27°).

€ =e"SQ2— Ae"S Q7

X

3

5

+ % [Aze“S (5 + 162“) — e“SaO] Qt+0o(Q70).

2

1, 1,-
U=30"— 2 (5 +43) Q72+ 0(Q7).

et S

15

(601 + 60y + ¥) + 99 Q7% + O(2 Clog Q).

o7

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)



(7.35)

u (= — 0 _
11 11 1-
+ {Ae“ (—2 (00 1— ga ) VS-SV (0 1 — gd())) + §¢81} Q~° (7.36)

+0(27%)
_ 3 S T
=+ | - Jang - esv (U m)
7.37
+%¢8 (0% —2") +%00001—%00 04 16A° Q7 (7.37)
+O(2 %log Q).
where:
- S? _ _ _
vy — iy = | (7 VVo® — S(VS)(WO))
(7.38)

- 1
o’ (VS)? —a"SVVS — 5000071] —c.c.
¥y + 19 is undetermined.

1 =W+ QP log Q + 7O + O(Q log Q).
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where

P = e [Sv @g + ?ao) — (wg + 12—500) vs} — 3¢9, (7.39)
P = —e" (SV —2VS) (5AY) — ¢ + 1540°) + 4¢y,. (7.40)

Y] is undetermined.

By (3.54)
1y =3¢ (7.41)

Thus the u derivative of ¢{ depends only on itself and not on the radiation field.
It therefore represents a type of disturbance unconnected with radiation. If it is zero
on one hypersurface, it will remain zero. In this case it is possible to continue the

expansions of all quantities in negative powers of {2 without any log terms appearing.

The Asymptotic Group

The metric has the form:

g7 = —2PP 570+ 2APP§"Q7° + 0(Q7°).

The asymptotic group is the group of coordinate transformations that leave the
form of the metric and of the boundary conditions unchanged. It can be derived

most simply by considering the corresponding infinitesimal transformations:

o = ot + e K*(2"). (8.1)

Then -
ogh = g™ (x) — g"(x)

(8.2)
=—€(g" K" o + g" K" , — g"" . K%).
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SA = —eA K. (8.3)
= 1
O = R K1 + §6R11,o¢Ka- (8.4)

- 1
0o = 56 (Ria K% 1+ R1, K + Ry o K°). (8.5)

To obtain the asymptotic group we demand

g% = 0(Q7?),
g% = 0(Q™),
6g7 = 0(Q79), (8.6)
A =0(Q77),
dpoo = O(Q77),
Soi = O(Q77)
By dg'' =0,
K'= K (u, 2" (8.7)
By 6A = O(Q77),
K*=0(27?) (8.8)

5912 =0 = K272 +K1’1 +923K173 +924K174'

Kl,l = 07

K' = K9(z). (8.9)

g™ = 0= K3, + g K5+ ¢"K",.

K? = K%(u,2") —4P7'P?K"' 3+ O(Q7%). (8.10)

05" =0 = K* 1 + 0(Q™).
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K% = K%(2"). (8.11)

09" = "K' 5+ ¢”K' 5 + g* K7 o+ g* K" ) — g7 1 K"

K%, =K%, (8.12)
K% 3 =K", (8.13)
29K% 3 — S3K® — S,K" —2SK' = 0. (8.14)

(8.12) and (8.13) imply that K% is an analytic function of z3+iz*. This is a conse-
quence of the fact that we have reduced the leading term of g% to a conformally flat
form. Thus the only allowed transformations of #* are the conformal transformations

of the form:

a(x® +ix?) + b

3, ;.4
T° +xr = ,
c(a® +ixt) +d

ad — bc = 1. (8.15)

When the six parameters a, b, ¢,d are given K is uniquely determined by (8.14).
K? is also uniquely determined. Thus the asymptotic group is isomorphic to the
conformal group in two dimensions. Sachs (7) has shown that this is isomorphic
to the homogeneous Lorentz group. It is also however isomorphic to the group of
motions of a 3-space of constant negative curvature which is the group of the un-
perturbed Robertson— Walker space. Thus the asymptotic group is the same as the
group of the undisturbed space. It is not enlarged by the presence of radiation. This
is interesting because in the case of gravitational radiation in empty, asymptoti-
cally flat space, it turns out that the asymptotic group contains not only the 10
dimensional inhomogeneous Lorentz group, the group of motions of flat space, but
also infinite dimensional “supertranslations”. It has been suggested that these super-
translations might have some physical significance in elementary particle physics.
The above result would seem to indicate that this is probably not the case since our

universe is almost certainly not asymptotically flat though it may be asymptotically

Robertson—Walker.

61



What an observer would measure
The velocity vector V,, of an observer moving with the dust will be:

V=07 0,
1

Vo= -0+ 0(Q7%),

272 (@) (9.1)

V3 =0(Q7%),

Vi=0(Q7?).

¢m, the projection of the wave vector [* in the observer’s rest-space (the apparent

direction of the wave) will be:

qm = 6m2 - val

q1 = Q_Q + O(Q_S)a

5 =5 +007") 0
qs = 0(9_4)7
@ =0(Q™").

The observer’s orthonormal tetrad may be completed by two space-like unit vec-

tors s,, and t,,:

S1 = 0(9_4), tl = 0(9_4),
SS9 = O(Q_Q), to = O(Q_Q),
1 i (9.3)
—= -, t = -,
G SV
1 ; 1
S4 = —=, = —.
V2 RV

We write
eaa - (Vav qav Sa? ta)’

By measuring the relative accelerations of neighbouring dust particles, the obser-

ver may determine the ‘electric’ components of the gravitational wave:

Eay = —Clapp VPV
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In the observer’s tetrad this has components

00 0 000
E=101 o lo@@"H+[o0o o0 1|o@Q™"
00 —1 010
0 0 1 —1
+ o™+ 1 0 0[O0 (9.4)
-1 0 0
1 0 0
+ -1 0 [o@™
0 0 -3

00 0 000
E=101 0 |OFH+]00 1|00
00 —1 010
0 0 1 —1
+ oloH+]11 0 0 |O@F? (9.5)
0 10 0
0 0
+ -5 0 O(r)
0 -
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Chapter 4

Singularities

Singularities

If the Einstein equations without cosmological constant are satisfied, a Robertson—
Walker model can ‘bounce’ or avoid a singularity only if the pressure is less than
minus one-third the density. This is clearly not a property possessed by normal
matter though it might be possessed by a field of negative energy density like the
‘C’ field. However there is a grave quantum-mechanical difficulty associated with
the existence of negative energy density, for there would be nothing to prevent the
creation, in a given volume of space-time, of an infinite number of quanta of the
negative energy field and a corresponding infinity of particles of positive energy.
If we therefore exclude such fields, all Robertson—Walker models must be of the
‘big-bang’ type, that is they have a singularity in the past and maybe one in the
future as well. It has been suggested! that the occurrence of these singularities is a
consequence of the high degree of symmetry of the Robertson-Walker models which
restricts the expansion and contraction so that they are purely radial and that more
realistic models with fewer or no exact symmetries would not have a singularity.
This chapter will be devoted to an examination of this question and it will be shown
that, provided certain physically reasonable conditions hold, any model must have a

singularity, that is, it cannot be a geodesically complete C*, piecewise C? manifold.

The Fundamental Equation

The expansion 0 = V%, of a time-like geodesic congruence with unit tangent

vector V' obeys equation (7) of Chapter 2:

1
0.,V = —592 — 202 + 2w* — Ry VeV, (1)

)

A point g will be said to be a singular point on a geodesic 7 of a time-like geodesic
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congruence if 6 for the congruence is infinite on v at ¢. A point ¢ will be said to
be conjugate to a point p along a geodesic « if it is a singular point on v of the
congruence of all time-like geodesics through p. A point ¢ will be said to be conjugate
to a space-like hypersurface H? if it is a singular point of the congruence of geodesic
normals to H3.

An alternative description of conjugate points may be given as follows. Let K be a
vector connecting points corresponding distances along two neighbouring geodesics
in a congruence with unit tangent vector V¢ Then K® is ‘dragged’ along by the

congruence, that is

£y K* =0,
and therefore DK
=V, K" 2
Ds b 2)
Thus DKo
—— = R%aVOVOK (3)

Ds

Introducing an orthonormal tetrad e,,”, parallelly transported along V¢, with
e =V, we have
’K,,

ds?

= _amnKna (4)

where

ay” = em“e"bRacdech.

A solution of (4) will be called a Jacobi field. There are clearly eight independent
solutions. Since V* and sV'* are solutions, the other six independent solutions of (4)
may be taken orthogonal to V¢ Then ¢ is conjugate to p along a geodesic v if, and
only if, there is a Jacobi field along v which vanishes at p and q.

This may be shown as follows. The Jacobi fields which vanish at p may be regarded
as generating neighbouring geodesics in the irrotational congruence of all time-like

geodesics through p. Therefore they obey

dK,,

= Vi K.
ds ’
They may be written
KTL
Ko = Apnls) S|
ds
p
where A
=V A,
ds

Near p, A,.,(s) will be positive definite. There will be a Jacobi field vanishing at p
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and ¢ if, and only if,

But

Therefore
1 d d*Apn,

o= — L det(A @ Amn
det(A,,,) ds et(Amn), ds?

Therefore dA,,,/ds is finite. Hence 6 is infinite where and only where det(A,,,) = 0.

r
= —an A’/‘n-

Thus the two definitions of conjugate points are equivalent. This also shows that
singular points of congruences are points where neighbouring geodesics intersect.
For null geodesic congruences with parallelly transported tangent vector (¢ we

may define the convergence p as in Chapter 3. This obeys
a 2 — 1 ab
pal® =p°+ 00+ éRabl . (5)

We define a singular point of a null geodesic congruence as one where p is infinite.
The condition that the pressure is greater than minus one-third the density may

be stated more generally as condition (a):
E>0, E> %T, (a)
for any observer with 4-velocity w®, where
E = T uww’
is the energy density in the rest-frame of the observer and
T=T°,

is the rest-mass density.

Condition (a) will be satisfied by a perfect fluid with density > 0 and pressure
p > —%M. It implies Ry V2V > 0 for any time-like or null vector V¢. Therefore by
equations (1) and (5) any time-like or null irrotational geodesic congruence must have
a singular point on each geodesic within a finite affine distance. Obviously if the flow-
lines form an irrotational geodesic congruence, there will be a physical singularity
at the singular points of the congruence where the density and hence the curvature
are infinite. This will be the case if the universe is filled with non-rotating dust.??

However, if the flow-lines are not geodesic (i.e. non-vanishing pressure gradient) or

66



are rotating, equation (1) cannot be applied directly.

Spatially Homogeneous Anisotropic Universes

The Robertson—Walker models are spatially homogeneous and isotropic, that is,
they have a six parameter group of motions transitive on a space-like surface. If
we reduce the symmetry by considering models that are spatially homogeneous
but anisotropic (that is, they have a three parameter group of motions transitive
on a space-like hypersurface) then the matter flow may have rotation, acceleration
and shear. Thus there would seem to be the possibility of non-singular models. L.
Shepley* has investigated one particular homogeneous model containing rotating
dust and has shown that there is always a singularity. Here a general result will be
proved.

There must be a singularity in every model which satisfies condition (a) and:

b) There exists a group G, of motions on the space or on the universal coverin
g g
space, M*, which is transitive on at least one space-like surface, but space-time

is not stationary.!

(c) The energy-momentum tensor is that of a perfect fluid, whose unit flow vector

a

u® is the tangent to the flow-lines and is uniquely defined as the time-like

eigenvector of the Ricci tensor.

Proof. R, the curvature scalar, must be constant on a space-like surface of transi-
tivity H?® of the group. Therefore R, must be in the direction of the unit time-like
normal V, to H?: .

Vo=c¢ —(RbR’j’)l/?’
where € is an indicator, equal to +1 if R, is past directed and —1 if R, is future
directed. Then

Viaw) = 0.

Thus V* is a congruence of geodesic irrotational time-like vectors. By condition (a),
Ry VeV > 0. Therefore the congruence must have a singular point on each geodesic,
by equation (1), either in the future or in the past. Further, by the homogeneity,
the distance along each geodesic from H? to the singular point must be the same
for each geodesic.

Thus if the surfaces of transitivity remain space-like, they must degenerate into,
at the most, a 2-surface C? which will be uniquely defined. Let M be the subset of

1See Section 5.
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the flow-lines of the matter which intersect C2. Let L be the non-empty subset of
H? intersected by M. Since there is a group transitive on H?, L must be H? itself.
Thus all the flow-lines through H? must intersect the 2-surface C2. Thus the density
will be infinite there and there will be a physical singularity.

Alternatively if the surfaces of transitivity do not remain space-like, there must
be at least one surface which is null; call this S*. At S*, R,R* =0 and R, # 0.
(If R, is zero, we can take any other scalar polynomial in the curvature tensor and
its covariant derivatives. They cannot all be zero if space-time is not stationary.)
We introduce a geodesic irrotational null congruence on S® with tangent vector (¢,
where |, = R,. Then by equation (5), there will be a singular point of each null
geodesic in S® within finite affine distance either in the future or in the past. The
2-surface of these singular points will be uniquely defined. The same argument used
before shows that the density becomes infinite and there is a physical singularity. In
fact, as S? is a surface of homogeneity, the whole of S? will be singular and it is not
meaningful to call it null or to distinguish this case from the case where the surfaces
of transitivity remain space-like.

The conditions (a), (b), (¢) may be weakened in two ways. Condition (b), that
there is a group of motions throughout space-time, may be replaced by (b’) and (d):

(b') There is a space-like hypersurface H? in which there are three independent
vector fields X such that

Xa;bgac + Xa;cgab =0 on H3.

That is, there is one homogeneous space section.

(d) There exist equations of state such that the Cauchy development of H? is de-

terminate.

Then succeeding space-like surfaces of constant R are homogeneous and much the
same proof can be given that there are no non-singular models satisfying (a), (b'),
(c), and (d).

The only property of perfect fluids that has been used in the above proof is that
they have well defined flow-lines, intersection of which implies a physical singularity.
Obviously, however, this property will be possessed by a much more general class
of fluids. For these, we define the flow vector as the time-like eigenvector (assumed
unique) of the energy-momentum tensor. Then we can replace condition (c) on the

nature of the matter by the much weaker condition (e):
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(e) If the model is singularity-free, the flow-lines form a smooth time-like congruence

with no singular points, with a line through each point of space-time.

Condition (e) will be satisfied automatically if conditions (a) and (c) are.

This proof rests strongly on the assumption of homogeneity which is clearly not
satisfied by the physical universe locally, though it may hold on a large enough
scale. However it would seem to indicate that large-scale effects like rotation cannot
prevent the singularity.

It is of interest to examine the nature of the singularity in the homogeneous
anisotropic models since this is more likely to be representative of the general case
than that of the isotropic models. It seems that in general the collapse will be in one
direction,’ that is, the universe will collapse down to a 2-surface. Near the singularity,
the volume will be proportional to the time from the singularity irrespective of the
precise nature of the matter. It also appears that the nature of the particle horizon
is different. There will be a particle horizon in every direction except that in which

the collapse is taking place.

Singularities in Inhomogeneous Models

Lifshitz and Khalatnikov® claim to have proved that a general solution of the
field equations will not have a singularity. Their method is to construct a solution
with a singularity which they claim is representative of the general solution with
a singularity, and then show that it has one fewer arbitrary function than a fully
general solution. Clearly their whole proof rests on whether their solution is fully
representative and of that they give no proof. Indeed it would seem that it is not
representative since it involves collapse in two directions to a 1-surface whereas in
general one would expect collapse in one direction to a 2-surface. In fact their claim
has been proved false by Penrose” for the case of a collapsing star using the notion
of a ‘closed trapped surface’. A similar method will be used to prove the occurrence

of singularities in ‘open’ universe models.

‘Open’ and ‘Closed’ Models

The method used by Penrose to prove the occurrence of a physical singularity
depends on the existence of a non-compact Cauchy surface. A Cauchy surface will
be taken to mean a complete, connected space-like surface that intersects every
time-like and null line once and once only. Not all spaces possess a Cauchy surface:

examples of those that do not include the plane-wave metrics,® the Gédel model,”
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and N.U.T. space.!® However none of these have any physical significance. Indeed it
would seem reasonable to demand of any physically realistic model that it possess
a Cauchy surface. If the Cauchy surface is compact, the model is commonly said to
be ‘closed’; if non-compact, it is said to be ‘open’.

The surfaces t = constant in the Robertson—Walker solutions for normal matter
are examples of Cauchy surfaces. If K = —1, they have negative curvature and it is
frequently stated that they are non-compact. This is not necessarily so: there exist
possible topologies for which they are compact. However, the following statements
may be made about the topology of the surfaces t = constant.

If the curvature is negative, K = —1, the universal covering space is non-compact
and is diffeomorphic to E3.1' Any other topology can be obtained by identification
of points. Thus any other topology will not be simply connected and, if compact,
must have elements of infinite order in the fundamental group. Further, if compact,
they can have no group of motions.!?

If the curvature is zero, K = 0, the universal covering space is E3. There are
eighteen possible topologies.'® If compact they have a G3 of motions and Betti
numbers By = 3, By = 3. 12

If the curvature is positive, K = +1, the universal covering space is S3. Thus all
topologies are compact. The Betti numbers are all zero. 2

Since a singularity in the universal covering space implies a singularity in the
space covered, Penrose’s method is applicable not only to spaces that have a non-
compact Cauchy surface but also to spaces whose universal covering space has a
non-compact Cauchy surface. Thus it is applicable to models which, at the present
time, are homogeneous and isotropic on a large scale with surfaces of approximate

homogeneity which have negative or zero curvature.

The Closed Trapped Surface

Let T° be a 3-ball of coordinate radius r in a 3-surface H*® (¢t = const.) in a
Robertson-Walker metric with K = 0 or —1. Let ¢* be the outward directed unit
normal to 72, the boundary of 7%, in H?, and let V¢ be the past directed unit
normal to H®. Consider the outgoing family of null geodesics which intersect T
orthogonally. At T2, their convergence will be

p==Vap + qap) (sasb + tatb) ,

N —
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where s%,t% are unit space-like vectors in H? orthogonal to ¢® and to each other.
Therefore

If R >0and K =0 or —1, by taking r large enough, we may make p negative at
T?. Therefore, in the language of Penrose, T2 is a closed trapped surface.

Another way of seeing this is to consider the diagram in which the flow-lines
are drawn at their proper spatial distance from an observer. They all meet in the
singularity at ¢ = 0. If the past light cone of the observer is drawn on this diagram,
it initially diverges from his world-line (p < 0). It reaches a maximum proper radius
(p = 0) and then converges again to the singularity (p > 0). The intersection of
the converging light cone and the surface H? gives a closed trapped surface T2. If
the red-shift of the quasi-stellar source 3C9 is cosmological then it will be beyond
the point p = 0 if we are living in a Robertson-Walker type universe with normal
matter. However, the assumptions of homogeneity and isotropy in the large seem
to hold out to the distance of 3C9. Thus there is good reason to believe that our
universe does in fact contain a closed trapped surface.

It should be pointed out that the possession of a closed trapped surface is a large-
scale property that does not depend on the exact local metric. Thus a model that
had local irregularities, rotation and shear but was similar on a large scale at the
present time to a Robertson—Walker model would have a closed trapped surface.

Following Penrose it will be shown that space-time has a singularity if there is a

closed trapped surface and:

(f) E > 0 for any observer with velocity V%;

(g) there is a global time orientation;

(h) the universal covering space has a non-compact Cauchy surface H®.

Proof. Assume space-time is singularity-free. Let F'* be the set of points to the
past of H? that can be joined by a smooth future directed time-like line to 72
or its interior 7°. Let B? be the boundary of F*. Local considerations show that
B? — T3 is null where it is non-singular and is generated by the outgoing family of
past directed null geodesic segments which have future end-point on 72 and past
end-point where or before a singular point of the null geodesic congruence. Since
at T? the convergence p > 0, and since R,[%l° > 0 by (f), the convergence must
become infinite within finite affine distance. Thus B3 — T° will be compact, being

generated by a compact family of compact segments. Hence B? will be compact.
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Penrose’s method” is then as follows: approximate B? arbitrarily closely by a
smooth space-like surface and project B3 onto H? by the normals to this surface.
This gives a many-one continuous mapping of B into H3. Since B3 is compact, its
image B3 must be compact. Let d(g) be the number of points of B®> mapped to
a point ¢ of H3. The number d(q) will change only at the intersection of caustics
of the normals with H3. Moreover, by continuity, d(q) can only change by an even
number. But near T, d(q) = 1, since this is the identity, and outside the compact
image B3*, d(q) = 0. This is a contradiction; thus the assumption that space-time
is non-singular must be false.

An alternative procedure which avoids the slightly questionable step of approxi-
mating B? by a space-like surface is possible if we adopt condition (e) on the nature
of the matter. Then B? may be projected continuously one-to-one onto H? by the

flow-lines. This again leads to a contradiction since B? is compact and H? is not.

Singularities in ‘Closed’ Universes

There is a singularity in every model which satisfies (a), (g), and (i):

(i) There exists a compact Cauchy surface H* whose unit normal V* has positive

expansion everywhere on H?3.

Proof. For the proof it is necessary to establish a couple of lemmas. Assume that
space-time is singularity-free. The following result is quoted without proof; it may
readily be derived from lemmas proved in reference 11.

If p and ¢ are conjugate points along a geodesic v and x is a point on v not in
pq, then x must have a conjugate point in pg. An immediate corollary is that if ¢ is
the first point along v conjugate to p and y is in pq, then y has no conjugate points
in pg. Also, since the result that x has a conjugate point in pq can only depend on
the values of a,,, in pq, any irrotational geodesic congruence including the geodesic
~ must have a singular point on 7 in pg. Thus if ¢ is a point on M? and 7 is the
geodesic normal to M? through ¢, then a point conjugate to ¢ along v cannot occur
until after a point conjugate to M?3.

If M3 is a complete connected space-like surface which intersects every time-like
and null line from a point p, we may define a function over M? as the square of
the geodesic distance from p, which is taken as positive if the geodesic is time-like
and negative if the geodesic is space-like. We call this the world function o with
respect to p. For the closed set of values ¢ > 0, o will be a continuous (in general

multivalued) function over M3. A time-like geodesic v from p will be said to be
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critical if it corresponds to a value of ¢ for which
ouet =0, 1=1,2,3,

where ¢;# are three independent vectors in M?3. Clearly a critical geodesic must
be orthogonal to M?3. A geodesic which is critical will be said to be maximal if it

corresponds to a local maximum of o.

Lemma 1l

A geodesic v cannot be maximal for a smooth M? if there is a point x conjugate
to M3 but no point conjugate to ¢ on v in gp, where ¢ is the intersection of v and
M3,

Let f,, and g,, be the Jacobi fields along v which vanish at x and p respectively.
They may be written

Jm = Amn(s)fn|q7 Im = an<3)gn‘ .

q

The relevant quadratic form formed from A,,,, and B,,,, must be positive for any A",
since if it were negative for any A", then by taking a,,, = —b,,h,, beyond ¢ it would
be possible to have a point y on v beyond ¢ conjugate to x before a point conjugate
to p. If it were zero, x would be conjugate to p. This shows that the surface at ¢ of
constant geodesic distance from p lies nearer to p in every direction than the surface
at ¢ of constant geodesic distance from z. Since z is conjugate to M3, the surface
at ¢ of constant geodesic distance from p lies closer to p in some direction than M3
does. Hence v is not maximal.

If M? is compact, or if the intersection of all time-like and null lines with M?3 is
compact, o must have a maximum value; thus there must be a geodesic normal to

M?3 through p longer than ~. We use this to prove another lemma.

Lemma 2

If p lies to the future (past) on a time-like geodesic v through ¢, beyond a point z
conjugate to ¢, and there exists a compact Cauchy surface H? through ¢, then there
must be another time-like geodesic from p to ¢ longer than ~.

Let y be the last point conjugate to ¢ on v before p. Let x be the nearest point to
p conjugate to p in pq. Let r be a point in yz. Let K3 be the set of points which have
a future (past) directed geodesic of length rq from ¢. Then K3 will be a space-like
hypersurface through r.
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Let F'* be the set of points which have at least one future directed geodesic from
q of length greater than rq. Then the past (future) directed time-like and null lines
from p intersect H?3, which is not in F™*; they must therefore also intersect K3. Let L3
be the intersection of K3 and these lines. Since H? is compact, L must be compact.
Consider the function o with respect to p over K3. Its maximum must lie in the
compact region L3. But, by the previous lemma, 7 is not maximal. Moreover, local
considerations show that a singular point in the surface K cannot be a maximum
of o. Thus the maximum value of o must occur for a geodesic from p orthogonal to
L3. This must also be a geodesic from p to ¢ of length greater than ~.

Using these two lemmas the theorem may be proved. Since the future (past)
directed normals to H? are converging everywhere on H?, there must be a point
conjugate to H? a finite distance along each future (past) directed geodesic normal.
Let a be the maximum of these distances. Let p be a point on a future (past) directed
geodesic normal at a distance greater than a. Consider the function ¢ with respect
to p over the compact surface H3. Let v be the geodesic from p normal to H? at the
point ¢, where ¢ has its maximum. There must be a point conjugate to H? along
~ in gp. But if there is no point conjugate to ¢ along v in ¢p, then v cannot be
maximal by the first lemma. If, however, there is a point conjugate to ¢ along v in
qp, then there must be a longer geodesic from ¢ to p by the second lemma. Thus
is not the geodesic of maximum length from H?3 to p. This is a contradiction which
shows that the original assumption that the space was non-singular must be false.

This proof could also be used to show the occurrence of a singularity in a model
with a non-compact Cauchy surface provided that the expansion of its normals was
bounded away from zero and provided that the intersection of the Cauchy surface

with all the time-like and null lines from a point was compact.
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